
ISSN (Print): 2328-3491, ISSN (Online): 2328-3580, ISSN (CD-ROM): 2328-3629 

 
American International Journal of  
Research in Science, Technology,  
Engineering & Mathematics 
 
 

 
 

ICOMAC 2019-051; © 2019, AIJRSTEM All Rights Reserved                                                                                                             Page 144 
 

AIJRSTEM is a refereed, indexed, peer-reviewed, multidisciplinary and open access journal published by 
International Association of Scientific Innovation and Research (IASIR), USA 

(An Association Unifying the Sciences, Engineering, and Applied Research) 

 
 

Available online at http://www.iasir.net 
 
 

 
Some Inequality of Fuzzy Matrices 

 

1A.NagoorGani , 2A.R.Manikandan & 3L.Chitra 

1P.G & Research Department of Mathematics, 
Jamal Mohamed College (Autonomous),  

Tiruchirappalli-620 020, INDIA. 
2,3Department of Mathematics, 

Sengunthar Arts and Science College, 
Tiruchengode,Tamilnadu, INDIA.  

 
I.  Introduction 

The concept of fuzzy set was introduced by Zadeh [10] in 1965. R. Biswas [2] and A. M. K.H.kim and 
F.W.Roush [4] first tried to give a meaningful definition of Generalized fuzzy matrices and associated fuzzy 
norm function. Jian Miao Chen[3] introduced Fuzzy matrix partial ordering and generalized inverse. 
[1]Bertoiuzzaintroduced the properties ofdistributivity of t-norm and t-conorms.[5] Ragab.M. Z. and Emam E. 
G. introduced the concept of determinant and have the developed adjoint of a square fuzzy matrix. introduced 
On fuzzy 2-normed linear spaces. Meenakshi  andCokilavany [6],[7,8] introduced the properties of fuzzy m-
norm matrices and Binormed sequences in fuzzy matricesGani  and Kalyani. Introduced the definition of 
positive Definite Matrices[2] R.Bhatia. Recently  [9] ZHOU Min - na have introduced a definition of 
Characterizations of the Minus Ordering in Fuzzy Matrix Set` In this paper, the concept of inequalityof fuzzy 
matrices on 𝑀𝑛(F), the set of all fuzzy sets of 𝑃∗(𝑀𝑛(F)), the standard Cauchy Schwarz inequality is proved. 
Moreover Cauchy Schwarz inequality of fuzzy matrices are established. Some equivalent conditions are also 
proved. 

II.  Preliminaries 
We consider F=[0,1] the fuzzy algebra with operation [+,∙] and the standard order  “≤” where a+b = max{a,b}, 

a∙b = min{a,b} for all a,b in F.F is a commutative semi-ring with additive and multiplicative identities 0 and 1 
respectively. Let 𝑀𝑀𝑁(F) denote the set of all m×n fuzzy matrices over F. In short 𝑀𝑛(F) is the set of all fuzzy 
matrices of order n. define ‘+’ and scalar multiplication in 𝑀𝑛(F) as A + B =  [𝑎𝑖𝑗 +  𝑏𝑖𝑗], where A = [𝑎𝑖𝑗] and 
B = [𝑏𝑖𝑗] and  cA = [c𝑎𝑖𝑗], where c is in [0,1], with these operations 𝑀𝑛(F) forms a linear space. 
 
Definition 2.1 
An m×n matrix A = [aij] whose components are in the unit interval [0,1] is called a fuzzy matrix. 
Definition 2.2 
The determinant |A| of an n × n fuzzy matrix A is defined as follows;  

|A| = ∑ a1σ(1)a2σ(2) ⋯  anσ(n)

σ∈Sn

 

Where Sn denotes the symmetric group of all permutations of the indices (1,2, ⋯ , n) 
Definition 2.3 
A fuzzy matrix A is defined to be greater than B if ‖B‖ ≤ ‖A‖, A is strictly greater than B if ‖B‖ < ‖A‖ . We 
also say that B is smaller than A. 
Definition 2.4 
Define a mapping d:Mn(F) × Mn(F) → [0,1] as‖A + B‖ = det [A, B]  for all A,B in Mn(F). 
Definition 2.5 
A matrix A in 𝑀𝑛(F) is called idempotentif 𝐴2 = 𝐴 
or ‖𝐴2‖ = 𝑑𝑒𝑡[𝐴], where 𝐴 = [𝑎𝑖𝑗] 

Abstract: In this paper, the fuzzy matrix geometric mean is fuzzy concave. We complete this important fact 
with a reverse result. This follows from an interesting non-commutative extension of a classical reverse 
Cauchy Schwarz inequality in 𝑀𝑛(𝐹). 
Keywords: Fuzzy matrix, determinant of a squarefuzzy matrix, ,, fuzzy norm, Cauchy Schwarz inequality 
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Definition 2.6 
Let A be in  𝑀𝑛(𝐹) and 𝛼 be in [0,1] such that ||A||= 𝛼 or 𝑛(𝑃𝐴) = 𝛼 , then the pair (𝑃𝐴, 𝛼) is called a fuzzy 

point in 𝑀𝑛(𝐹) and it is denoted by 𝑃𝐴
𝛼 . The dual fuzzy point 𝑃𝐴

𝛼  is the point with norm   (1- 𝛼) denoted by 𝑃∗ =
𝑃1−𝛼. 

Definition 2.7 
The set of all fuzzy points in 𝑀𝑛(𝐹) is gven by  
 𝑃∗(𝑀𝑛(𝐹)) = {𝑃𝐴

𝛼| 𝐴 𝜖 𝑀𝑛(𝐹),    𝛼 є [0,1]} 
In F we follow the usual ≤ order relation correspondingly we define an order relation in 𝑃∗(𝑀𝑛(𝐹)) 
Definition 2.8 

The Geometric mean √𝑎𝑏 of two positive real numbers a,b(0 ≤ 𝑎, 𝑏 ≤ 1) is a convex operation.  This paper 
equivalent to the Cauchy-Schwarz inequality.  Let 𝑃𝐴, 𝑃𝐵 , … , 𝑃𝑍 be n × n Fuzzy Matrices or operators on a n-

dimensional space 𝑃∗(𝑀𝑛(𝐹)), for 𝑃𝐴 , 𝑃𝐵  ∈  𝑀𝑛(𝐹)  their geometric mean 𝑃𝐴# 𝑃𝐵  is defined by two quite 

natural requirements. 

1. 𝑃𝐴𝑃𝐵 =  𝑃𝐵𝑃𝐴 implies 𝑃𝐴# 𝑃𝐵 = √𝑃𝐴𝑃𝐵 

2. (𝑃𝑋
∗𝑃𝐴𝑃𝑋) # (𝑃𝑋

∗𝑃𝐵𝑃𝑋)  =   𝑃𝑋
∗(𝑃𝐴# 𝑃𝐵)𝑃𝑋  

for any invertible 𝑃𝑋 on 𝑀𝑛(𝐹). 

Then, 𝑃𝐴# 𝑃𝐵  =  𝑃𝐴

1
2⁄

(𝐼 # 𝑃𝐴

−1
2⁄

𝑃𝐵𝑃𝐴

−1
2⁄

) 𝑃𝐴

1
2⁄
 

𝑃𝐴# 𝑃𝐵  =  𝑃𝐴

1
2⁄

(𝑃𝐴

−1
2⁄

𝑃𝐵𝑃𝐴

−1
2⁄

) 𝑃𝐴

1
2⁄
   -----------(1) 

So that  𝑃𝐴# 𝑃𝐵 should be solution of 𝑃𝑍 𝑃𝐴
−1𝑃𝑍 =  𝑃𝐵  , 𝑃𝑍  𝑖𝑛 𝑀𝑛(𝐹)or equivalently to 𝑃𝑍 𝑃𝐵

−1𝑃𝑍 =  𝑃𝐴. 
Hence, 𝑃𝐴# 𝑃𝐵 can be defined (1) and 𝑃𝐴# 𝑃𝐵  =  𝑃𝐵# 𝑃𝐴. 

Since 𝑃𝐴# 𝑃𝐵is operator increasing.  Since f(t) = 𝑡
1

2⁄  𝑖𝑠 operator monotone. 
 
Theorem 2.9 

Let 𝑃𝐴, 𝑃𝐵 > 0 𝑖𝑛 𝑀𝑛(𝐹).  Then 𝑃𝐴# 𝑃𝐵  = 𝑀𝑎𝑥 {𝑃𝑋 ∈ [0,1]/ (
𝑃𝐴 𝑃𝑋

𝑃𝑋 𝑃𝐵
) ≥ 0}. 

Proof: 

(
𝑃𝐴 𝑃𝑋

𝑃𝑋 𝑃𝐵
) ≥ 0 , if 𝑃𝐴 , 𝑃𝐵 , 𝑃𝑋 in 𝑀𝑛(𝐹) where 𝑃𝑋 =  𝑃𝐴

1
2⁄

 𝐾 𝑃𝐵

1
2⁄
 for some contraction  

K ∈ [0,1] and n(K) ≤ 1. 

⇒ 𝑛 (𝑃𝐴

−1
2⁄

𝑃𝑋𝑃𝐵

−1
2⁄

)  ≤ 1 

                           (or) 

𝑛 (𝑃𝐴

−1
2⁄

𝑃𝑋𝑃𝐴

−1
2⁄

𝑃𝐴

1
2⁄

  𝑃𝐵

−1
2⁄

)  ≤ 1 

                           (or) 

(𝑃𝐴

−1
2⁄

𝑃𝑋𝑃𝐴

−1
2⁄

)
2

 ≤   𝑃𝐴

−1
2⁄

𝑃𝐵𝑃𝐴

−1
2⁄
 

Therefore, by operator monotony of t → 𝑡
1

2⁄  . 

𝑃𝐴

−1
2⁄

𝑃𝑋𝑃𝐴

−1
2⁄

 ≤  (𝑃𝐴

−1
2⁄

𝑃𝐵𝑃𝐴

−1
2⁄

)

1
2⁄

 

Hence  𝑃𝑋  ≤  𝑃𝐴

1
2⁄

(𝑃𝐴

−1
2⁄

𝑃𝐵𝑃𝐴

−1
2⁄

)

1
2⁄

𝑃𝐴

1
2⁄

 =  𝑃𝐴# 𝑃𝐵 

Next we have check that, 

(
𝑃𝐴 𝑃𝐴# 𝑃𝐵

𝑃𝐴# 𝑃𝐵 𝑃𝐵
)  ≥ 0 

 

⇒ 𝑛 (𝑃𝐴

−1
2⁄

(𝑃𝐴# 𝑃𝐵)𝑃𝐵

−1
2⁄

) = 1since𝑃𝐴

−1
2⁄

(𝑃𝐴# 𝑃𝐵)𝑃𝐵

−1
2⁄
is unitary. 
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Theorem 2.10 
Let 𝑃𝐴, 𝑃𝐵  ∈  𝑀𝑛(𝐹)such that 𝛼𝑃𝐴  ≥  𝑃𝐵  ≥  𝛽𝑃𝐴 for some 0≤ 𝛼, 𝑃 ≤ 1 and let Φ be a positive linear map then 

Φ (𝑃𝐴)# Φ (𝑃𝐵)  ≤  
(𝛼

𝛽⁄ )
1

4⁄
+(

𝛽
𝛼⁄ )

1
4⁄

2
Φ (𝑃𝐴# 𝑃𝐵). 

Proof: 
Step 1 
Suppose that for a vector f, 

Φ (𝑃𝐴) = (𝑓, 𝑃𝐴𝑓) 

 𝑃𝑍 = (𝑃𝐴

−1
2⁄

𝑃𝐵𝑃𝐴

−1
2⁄

)

1
2⁄

    𝑎𝑛𝑑   ℎ =  𝑃𝐴

1
2⁄

 𝑓 

Since 𝛼𝑃𝐴  ≥  𝑃𝐵  ≥  𝛽𝑃𝐴 implies 

𝛼
1

2 ⁄  ≥  (𝑃𝐴

−1
2⁄

𝑃𝐵𝑃𝐴

−1
2⁄

)

−1
2⁄

≥  𝛽
1

2 ⁄  

{〈𝑓, 𝑃𝐴𝑓〉, 〈𝑓, 𝑃𝐵𝑓〉}
1

2⁄ ≤  
(𝛼

𝛽⁄ )
1

4⁄

+ (
𝛽

𝛼⁄ )
1

4⁄

2
 (𝑓, 𝑃𝐴# 𝑃𝐵𝑓). 

Step 2 
Let h be any vector.  Then by Fact 1 

〈ℎ, Φ (𝑃𝐴)# Φ (𝑃𝐵) ℎ〉 ≤ 〈ℎ, Φ (𝑃𝐴)ℎ〉
1

2 ⁄ 〈ℎ, Φ (𝑃𝐵)ℎ〉
1

2 ⁄  

                                           = Ψ(𝑃𝐴)
1

2⁄ Ψ(𝑃𝐵)
1

2⁄  
Where Ψ is defined by Ψ(𝑃𝑋) =  〈ℎ, Ψ(𝑃𝑋)ℎ 〉 

By fact 2: Ψ(𝑃𝑋) = 𝑇𝑟𝑃𝑌𝑃𝑋  =  〈𝑃𝑋

1
2⁄

, ∏(𝑃𝑋)𝑃𝑌

1
2⁄

〉 for some 𝑃𝑌 ∈  𝑀𝑛(𝐹) 

Since 𝛼𝑃𝐴  ≥  𝑃𝐵  ≥  𝛽𝑃𝐴 implies 𝛼∏(𝑃𝐴)  ≥  ∏(𝑃𝐵) ≥  𝛽 ∏(𝑃𝐴) 

Ψ(𝑃𝐴)
1

2⁄ Ψ(𝑃𝐵)
1

2⁄  ≤  
(𝛼

𝛽⁄ )
1

4⁄

+ (
𝛽

𝛼⁄ )
1

4⁄

2
 Ψ(𝑃𝐴# 𝑃𝐵). 

Combining with the previous inequality, we get  

〈ℎ, Φ (𝑃𝐴)# Φ (𝑃𝐵) ℎ〉  ≤  
(𝛼

𝛽⁄ )
1

4⁄

+ (
𝛽

𝛼⁄ )
1

4⁄

2
〈ℎ, Φ (𝑃𝐴)# Φ (𝑃𝐵) ℎ〉 

Theorem 2.11 
Let 𝑃𝑍 in 𝑀𝑛(𝐹) with extremal eigen values a, b for all vectors h in 𝑀𝑛(𝐹). 

𝑛(ℎ)𝑛(𝑃𝑍ℎ) ≤  
(𝑎

𝑏⁄ )
1

2⁄
+(𝑏

𝑎⁄ )
1

2⁄

2
〈ℎ, 𝑃𝑍ℎ 〉. 

Proof:  
Fact 1: For 𝑃𝐴, 𝑃𝐵   𝑖𝑛 𝑀𝑛(𝐹) all vectors h and all positive linear maps Φ. 

〈ℎ, Φ (PA# 𝑃𝐵) ℎ〉  ≤  〈ℎ, Φ (𝑃𝐴)ℎ〉
1

2 ⁄ 〈ℎ, Φ (𝑃𝐵)ℎ〉
1

2 ⁄    -----(2) 

〈ℎ, PA# 𝑃𝐵  ℎ〉  ≤  〈ℎ, 𝑃𝐴ℎ〉
1

2 ⁄ 〈ℎ, 𝑃𝐵ℎ〉
1

2 ⁄  
Inequality (2),  

Φ (PA# 𝑃𝐵) ≤  Φ (𝑃𝐴)# Φ (𝑃𝐵) 
Where Φ (𝑃𝐴)  =  𝑃𝑍

∗PAPZ for some n× 𝑘 𝑓𝑢𝑧𝑧𝑦 𝑚𝑎𝑡𝑟𝑖𝑥 PZ. 

〈ℎ, PA# 𝑃𝐵  ℎ〉  =  〈𝑃𝐴

1
2⁄
ℎ, (𝑃𝐴

−1
2⁄

𝑃𝐵𝑃𝐴

−1
2⁄

)𝑃𝐴

1
2⁄
ℎ〉 

≤ 𝑛 (𝑃𝐴

1
2⁄
ℎ)  𝑛((𝑃𝐴

−1
2⁄

𝑃𝐵𝑃𝐴

−1
2⁄

) 𝑃𝐴

1
2⁄
ℎ) 

〈ℎ, PA# 𝑃𝐵  ℎ〉  ≤  〈ℎ, 𝑃𝐴ℎ〉
1

2 ⁄ 〈ℎ, 𝑃𝐵ℎ〉
1

2 ⁄  

Fact 2: let Φ be a positive fuzzy linear function on 𝑃∗(𝑀𝑛(𝐹)).  Then there exists PX in 𝑀𝑛(𝐹)   such that 

Φ(𝑃𝐴) = 𝑇𝑟𝑃𝐴𝑃𝑋. 

Hence if ∏(𝑃𝐴): 𝑃∗(𝑀𝑛(𝐹))  ×  𝑃∗(𝑀𝑛(𝐹))   →    [0,1] is the left multiplication by 𝑃𝐴 . 

Φ(𝑃𝐴)  =  〈ℎ, ∏(𝑃𝐴)ℎ〉 

Where the fuzzy inner product is the canonical inner product on 𝑀𝑛(𝐹)and ℎ =  𝑃𝑋

1
2⁄
. 
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Theorem 2.12 
Let 𝑃𝐴, 𝑃𝐵   𝑖𝑛 𝑀𝑛(𝐹)such that 𝛼 𝑃𝐵(𝑢) ⊃  𝑃𝐴(𝑢)  ⊃  𝛽 𝑃𝐵(𝑢)  for some 𝛼, 𝛽 ∈ [0,1]. Then ∑ 𝜆𝑗 (𝑃𝐴)𝜆𝑗(𝑃𝐵)   ≤

  
𝛼+𝛽

2√𝛼𝛽
𝑇𝑟𝑃𝐴𝑃𝐵. 

Proof: 
We may assume 𝑃𝐴, 𝑃𝐵   𝑖𝑛 𝑀𝑛(𝐹)and the inclusion conditions on 𝑃𝐴(𝑢), 𝑃𝐵(𝑢) of 𝑃∗(𝑀𝑛(𝐹)) . 

⇒  𝛼 ≥  |𝑃𝐵
−1𝑃𝐴|  ≥  𝛽    𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦 𝛼 ≥  |𝑃𝐴𝑃𝐵

−1|  ≥  𝛽     

∴ 𝑛(𝑃𝐴ℎ) 𝑛(𝑃𝐵ℎ)    ≤     
𝛼 + 𝛽

2√𝛼𝛽
〈ℎ, 𝑃𝐴

2# 𝑃𝐵 
2  ℎ〉 − − − −(3) 

That is, Φ(𝑃𝑋)  =  〈ℎ, 𝑃𝑋ℎ〉  , denoted by ‖. ‖1 𝑜𝑟 𝑛1  the trace norm.  There exists a unitary V such that 
∑ 𝜆𝑗 (𝑃𝐴)𝜆𝑗(𝑃𝐵)  =  𝑛1 (𝑃𝐴  ∨  𝑃𝐵) 

Where V = ∑ 𝑣𝑖ℎ𝑖 ⨂ℎ𝑖, Hence making use of the triangle inequality for the trace norm. 

∑ 𝜆𝑗 (𝑃𝐴)𝜆𝑗(𝑃𝐵)  ≤  ∑ 𝑛(𝑃𝐴 ℎ𝑖)  𝑛(𝑃𝐵ℎ𝑖) 

Combining with (2), we get  

∑ 𝜆𝑗 (𝑃𝐴)𝜆𝑗(𝑃𝐵)  ≤      
𝛼 + 𝛽

2√𝛼𝛽
𝑇𝑟𝑃𝐴

2# 𝑃𝐵 
2  

Next to check that, 
𝑇𝑟𝑃𝐴

2# 𝑃𝐵 
2 ≤  𝑇𝑟𝑃𝐴𝑃𝐵 . 

there is a unitary ∪ such that 𝑃𝐴
2# 𝑃𝐵 

2  =   𝑃𝐴  ∪  𝑃𝐵 
⇒  𝑇𝑟𝑃𝐴

2# 𝑃𝐵 
2   =   𝑇𝑟𝑃𝐴  ∪  𝑃𝐵  

                               = 𝑇𝑟 (𝑃𝐴

1
2⁄

 ∪  𝑃𝐵

1
2⁄

) (𝑃𝐵

1
2⁄

𝑃𝐴

1
2⁄

) 

≤    (𝑇𝑟𝑃𝐴  ∪  𝑃𝐵 ∪∗)
1

2⁄ (𝑇𝑟𝑃𝐴𝑃𝐵)
1

2⁄  

≤    (𝑇𝑟𝑃𝐴  ∪  𝑃𝐵)
1

2⁄ (𝑇𝑟𝑃𝐴𝑃𝐵)
1

2⁄  
𝑇𝑟𝑃𝐴  ∪  𝑃𝐵    ≤    𝑇𝑟𝑃𝐴𝑃𝐵  

 
III.  Conclusion 

  
In this paper, the inequality of fuzzy matricesand it’sSome Cauchy Schwarz inequality in 𝑀𝑛(𝐹) are discussed. 
Numerical examplesare given to clarify the developed theory and the proposed inequalityof fuzzy matrices.  
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