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Abstract: In this paper, the fuzzy matrix geometric mean is fuzzy concave. We complete this important fact
with a reverse result. This follows from an interesting non-commutative extension of a classical reverse
Cauchy Schwarz inequality in M, (F).
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I. Introduction

The concept of fuzzy set was introduced by Zadeh [10] in 1965. R. Biswas [2] and A. M. K.H.kim and
F.W.Roush [4] first tried to give a meaningful definition of Generalized fuzzy matrices and associated fuzzy
norm function. Jian Miao Chen[3] introduced Fuzzy matrix partial ordering and generalized inverse.
[1]Bertoiuzzaintroduced the properties ofdistributivity of t-norm and t-conorms.[5] Ragab.M. Z. and Emam E.
G. introduced the concept of determinant and have the developed adjoint of a square fuzzy matrix. introduced
On fuzzy 2-normed linear spaces. Meenakshi andCokilavany [6],[7,8] introduced the properties of fuzzy m-
norm meatrices and Binormed sequences in fuzzy matricesGani and Kalyani. Introduced the definition of
positive Definite Matriceg2] R.Bhatia. Recently [9] ZHOU Min - na have introduced a definition of
Characterizations of the Minus Ordering in Fuzzy Matrix Set™ In this paper, the concept of inequalityof fuzzy
matrices on M,,(F), the set of al fuzzy sets of P*(Mn (F)), the standard Cauchy Schwarz inequality is proved.
Moreover Cauchy Schwarz inequality of fuzzy matrices are established. Some equivalent conditions are also
proved.
[l. Preliminaries

We consider F=[0,1] the fuzzy algebra with operation [+,-] and the standard order “<” where a+b = max{a,b},
ab =min{ab} for al ab in F.F is a commutative semi-ring with additive and multiplicative identities 0 and 1
respectively. Let M, (F) denote the set of all mxn fuzzy matrices over F. In short M, (F) is the set of al fuzzy
matrices of order n. define ‘+* and scalar multiplication in M, (F) asA + B = [a;; + b;;], where A = [a;;] and
B =[b;;] and cA =[ca;;], wherecisin[0,1], with these operations M,,(F) forms alinear space.

Definition 2.1

Anmxnmatrix A = [a;;] whose components are in the unit interval [0,1] is called afuzzy matrix.
Definition 2.2

The determinant |A| of an n x n fuzzy matrix A isdefined as follows;

|Al = Z A16(1)A206(2) *** Ano(n)

GESh
Where S,, denotes the symmetric group of all permutations of theindices (1,2, -+, n)
Definition 2.3
A fuzzy matrix A is defined to be greater than B if ||B|| < ||A]l, A is strictly greater than B if ||B|| < ||A]l . We
also say that B issmaller than A.
Definition 2.4
Define a mapping d:M, (F) x M, (F) — [0,1] as||A + B|| = det[A,B] for al A,B in M, (F).
Definition 2.5
A matrix A in M,,(F) is called idempotentif A2 = A
or ||A%|| = det[A], where A = [a;;]

ICOMAC 2019-051; © 2019, AIJRSTEM All Rights Reserved Page 144


http://www.iasir.net/

Gani et al., American International Journal of Research in Science, Technology, Engineering & Mathematics, Special Issue of
5Minternational Conference on Mathematical Methods and Computation (ICOMAC — 2019), February 20-21, 2019, pp. 144-147.

Definition 2.6
Let Abein M,(F) and a bein[0,1] such that ||Al|= « or n(P,) = a , then the pair (P4, @) is called afuzzy
pointin M,,(F) and it is denoted by Pg. The dual fuzzy point P isthe point with norm (1- «) denoted by P* =
pi-e,
Definition 2.7
The set of al fuzzy pointsin M,,(F) isgven by
P*(My(F)) = {P{| Ae My (F), ae[0,1]}

In F we follow the usual < order relation correspondingly we define an order relation in P* (Mn (F ))
Definition 2.8
The Geometric mean vab of two positive real numbers ab(0 < a,b < 1) is a convex operation. This paper
equivalent to the Cauchy-Schwarz inequality. Let P,, Pg, ..., P, be n X n Fuzzy Matrices or operators on a n-
dimensional space P*(M,(F)), for P,,Py € M,(F) their geometric mean P,# P is defined by two quite
natural regquirements.

1. PAPB=PBPAimplieSPA#PBZHPAPB

2. (PxPyPx) # (PxPgPy) = Px(P,# Pg)Px
for any invertible Py on M,,(F).

_ b 1 12\ p/2
Then, Py# Py = P,"* |1 # P, "*PgP, P,

1 -1 -1 1
Pi# Py = PA/Z@ /ZPBPA /Z)PA/Z ----------- 1)
Sothat P,# Py should be solution of P, Py*P, = Py, P, in M, (F)or equivalently to P, P;'P, = P,.
Hence, P,# Py can bedefined (1) and P,# Py = Pg#t P,.

Since P,# Pgisoperator increasing. Since f(t) = t'/2 is operator monotone.

Theorem 2.9
Let Py, Pz > 0 in M,(F). Then P,# P; = Max {PX e [0,1]/ (113’* 1’3") > 0}.
X B
Proof:
Py Py ; ; Y, Y, ;
(P p ) >0, if Py, Pg, Pyin M, (F) where Py = P,"* K P,"* for some contraction
X B

K € [0,1] and n(K) < 1.

>n <P_1/2

P P_l/z) <1
A X'B =

(or)

n (134_1/2PX134_1/213:/2 PB_1/2> <1
(or)

(1%-1/21[,)(13/;1/2)2 < p Vep,p e

Therefore, by operator monotony of t — t'2.

1 -1 -1 1/2 1
Hmce PX S &/2<Rq /2[)3[14 /2) 1::4/2 = PA#PB

Next we have check that,

-1/, ~1/, : -1/, =1/, .
= ”(PA (P4# Pg)P, ) = 1sinceP, '“(P,# Pg)P, "“isunitary.
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Theorem 2.10
Let P, Py € M,(F)suchthataP, = Py = BP,for some0O< a,P < 1 andlet ® be a positive linear map then
a, \Va 8 Ya
oo (py < ) ) :( ) (pyt Py
Proof:
Step 1
Suppose that for a vector f,
® (Pa) = (f, Paf)
-1 1\ Y 1
PZ :([:4 /ZPB& /2) ’ and h = PA/zf
SinceaP, = Pz = [P, implies
- - 1
(Xl/z > (Rq 1/2PBF14 1/2 2 > ﬁl/z
1/4 ﬁ 1/4
a
1/ ( /,3) +( /a)
{F Paf ) Af Pef)} 2 < > (f, Pa#t Pgf).
Step 2

Let h be any vector. Then by Fact 1
(h,® (Py)# ® (Pg) 1) < (b, ® (PR /2 (h, © (Pp)h) /2
= W(P,) 20(Py) 2
Where ¥ isdefined by W(Py) = (h, Y (Px)h)
By fact 2: W(Py) = T.P, Py = (P;/Z,H(PX)Pyl/Z)for some Py, € M, (F)
SinceaP, = Py = BP,impliesa[[(Py) = [1(Pg) = BII(Ps)

Ya Ya
(“1) "+ (fa)

2

W(B,) 20(P) 2 <
Combining with the previous inequality, we get

WY(P,# Pg).

Ya Ya
(“1) "+ (fa)

(h,® (P)# D (Pg) h) < >

(h, @ (Py)# @ (Pg) h)
Theorem 2.11
Let P, in M,,(F) with extremal eigen values a, b for all vectorshin M, (F).

a; \Y2 Y,

Proof:

Fact 1: For P,, Py in M, (F) all vectorsh and all positive linear maps @.

(h® (Pa#t Pg) h) < (h,® (PORY /2 h, @ (P2 e &)
(h,Py# Py h) < (h, Pyh)"/2 (h, Pyh)'/2

(h,P;h).

Inequality (2),
D (Pa#t Pg) < @ (Py)# @ (Pg)
Where ® (P,) = P;P,P; for somenx k fuzzy matrix P;.

1/, ~1/, Yo\ Y2
(h,Pa# Py h)y = (P,"2h, (P, "2PyP, "?)P,"?h)
1, ~1/, RATRZ
< n(PA h) n((PA PyP, )PA h)
(h, Ptk Py by < (B, Pah) /2 (h, Pyh)'/2
Fact 2: let ® be a positive fuzzy linear function on P*(Mn(F)). Then there exists Py in M,,(F) such that
q)(PA) = TPy Pyx.
Henceif [1(Py): P*(M,(F)) x P*(M,(F)) — [0,1] istheleft multiplication by P,.
q)(PA) = (h,l'[(PA)h>
/2

1
Where the fuzzy inner product is the canonical inner product on M, (F)and 2 = P,
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Theorem 2.12
Let Py, Pg in M, (F)such that a Pg(u) > P4(u) > B Pg(u) for some a,f € [0,1].Then ¥ 4; (P)A;(Pg) <

a+p

2P T PPy

2/aB

Pr oof:

We may assume Py, Py in M, (F)and the inclusion conditions on P, (w), P (u) of P*(M,(F)).

= a = |P;'P,| = B equivalently a = |P,P3t| = B

a+pf
2Jaf

s n(Pyh) n(Pgh) <

(h,P# P; h)y — — — —(3)

That is, ®(Py) = {(h, Pxh) , denoted by ||.||, or n, the trace norm. There exists a unitary V such that
2 (P)A;(Pg) = ny (Py V Pg)
WhereV =Y v;h; ®h;, Hence making use of the triangle inequality for the trace norm.

D B EOYPs) < ) n(Bahe) n(Pohi)

Combining with (2), we get

a+pf
D B EIYP) < =T EIH P

2Jaf

Next to check that,
T,P2# P < T,P,P;.
thereisaunitary U suchthat P?# P2 = P, U Py

= TTPj# P,§ = TP, U Py
1 1 1 1
:Tr (PA/Z U PB/Z) (PB/Z&/Z)
< (T,Py U Py U") 2(T,PyPp) "2

< (T,Py U Py)/2(T,P,Py) /2
T.P, U Py < T.P,Pg

I11. Conclusion

In this paper, the inequality of fuzzy matricesand it’sSome Cauchy Schwarz inequality in M,,(F) are discussed.
Numerical examplesare given to clarify the developed theory and the proposed inequalityof fuzzy matrices.
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