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|. Introduction

The concept of fuzzy set was introduced by [10] Zadeh in 1965. A. White introduced the concept of 2-Banach
Space [8]. Also those definitions are restricted to the fuzzy normed linear spaces and Convergence of power of a
controllable fuzzy matrices .Felbin[2] and L.J. Xin [9],1995,Ragab.M. Z. and Emam E. G.[3] introduced the
determinant and adjoint of a square fuzzy matrix. Meenakshi A.R. and Cokilavany R. [4] introduced the concept
of fuzzy 2-normed linear spaces. Nagoorgani A. and Kalyani G. [6] introduced the properties of fuzzy m-norm
meatrices. In Nagoorgani A. and Kalyani G. [1] T.Bag introduced theFundamental Theorem in Felbins Type
Fuzzy Normed Linear Space. [7]Nagoorgani A. and Manikandan A.R, introduced the concept of Integrals over
Fuzzy Matrices. [5]Madhumangal Pal and RagkumarPradhan Also those definitions are restricted to
theTriangular Fuzzy Matrix Norm. In this paper, we introduce the concept of fuzzy norm matrices. The purpose
of the introduction isto explain 1,2,p- norms and its properties are discussed.

Il. Preliminaries

We consider F=[0,1] the fuzzy algebra with operation [+,-] and the standard order “<” where a+b = max{a,b},
ab = min{ab} for al ab in F.Fisacommutative semi-ring with additive and multiplicative identities 0 and 1
respectively. Let M, (F) denote the set of all mxn fuzzy matrices over F. In short M, (F) is the set of al fuzzy
matrices of order n. define ‘+ and scalar multiplication in M, (F) asA + B = [a;; + b;;], where A = [a;;] and
B =[b;;] and cA =[ca;;], wherecisin[0,1], with these operations M,,(F) forms alinear space.

Definition 2.1

A fuzzy matrix (FM) of order m x n isdefined as A = [a;;] or P, = [a;;]where a;; is the membership value of
the i,j-th element in A. Let M,,,,,(F) denote the set of all fuzzy matrices of order m X nover F. If m =nin
short we write M,, (F) the set of al square FMs of order n.

Definition 2.2 :

Let A bein M,(F) and @ be in [0,1] such that ||A||= « or n(P,) = a, then the pair (P,, @) is called a fuzzy
point in M,,(F) and it is denoted by PZ. The dual fuzzy point P isthe point with norm (1- @) denoted by P* =
pi-e,

Definition 2.3 :
The set of al fuzzy pointsin M,,(F) isgven by
P*(Mp(F)) = {P¥| A€ My(F), ae[0,1]}

In F we follow the usual < order relation correspondingly we define an order relation in P*(Mn (F )) asfollows
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Definition 2.4:
Wedefine Py < PP iff a < g and P = P? iff A = B (then automatically = B)
Definition 2.5:

A fuzzy norm with respect to the fuzzy matrix norm in M, (F) is a rea vaued function n defined on

P*(M,(F)) x P*(M,(F)) to [0,1] satisfying the following conditions
()nPy) =0
(i) n(aPy) = |a| n(Py)
(i) n(Py + Pg) < n(Py) + n(Pg)

Definition 2.6:

Let P*(Mn(F)) be a fuzzy vector space, where n(P,) is some norm , we define the norm of the matrix

Ay in My, (F) subordinate to the vector norm n(P,) as
N(Pa) = o385 ((PAP) /n(PL)).
The above norm is called sub-ordinate fuzzy matrix norm.
Let us consider the vector norm as
n(P,) = max[x;],where P, = [x;]
(Or)
n(P) = max[xl‘xz‘ ...xn]
(or)
n(P,) = Yi-,|x;|denoted on the set P*(Mn(F))and the fuzzy matrix norm.
n(Py) = max[ai‘j],where P, = [ai‘j]
(or)
n(Py) = max[an_alz‘ o Qi) ...ann]
n(Py) = ¥, X, a;;denoted on the set (M, (F)).
(i) n(P4P,)isdefined for P, = P, as 0,
n(PyP,) # Oisdefined for P, < P,
whenP, = P, both fuzzy points coincide n(P,P,) = 0, for all P,, P, € P*(M,(F))
(i) Since Py, P, € P*(M,(F))
n(aPy) = pp%s(n(aPsP)/n(P,))
=S (aln(PaP) /n(P)
= |l (n (PP /1(P))
n(aP,) =la|n(P,)
(iid) n(Pa) = nppyzo(M((Pa + P)P)/n(Py))
n(Py) = n((Py + Pp)F,, ) /n(Py,,))
Where P, € P*(M,(F)) maximizestheright hand side.
Define PyP,,, =P, and PgP, =P,
n((Py + Pg)Py,,) = n(P4Py,, + PgP;,,)
n(Py+ Pg) N (P, )=n(P, +F,)
<n(p,,) +n(F,)
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n(Py + Pg) N (Py,) < n(PyP,) + n(Pghy,,)

N(P APy, )+ (PBPx,,)
N(Pxp,)

n(P, + Pg) <

< nep20(M(PaPe, ) /(P ) + 20 ((Pe) N (Py,,) /n(Py,)

n(Py, + Pg) < n(Py) +n(Pp) .
(iv) By Definition,

n(Py) = n(PyP)/n(P)

n(Py) Nn(P,) = n(P4P,), VP, EM,(F)
(V) If Py, PzEM,,(F), then

n(PyPp) = n(P,:T)l%(n(PAPBPx)/n(Px))

n(PyPp) = n(P,:T)l%(n(PAPBme)/n(me))
If we define n(PgP,, ) = P, inP*(M,(F))

n(PyPgP) = n(PAsz)

< n(Pon(Py,)
< n(POn(PpFy,)
< n(Pn(PpIn(Fy,)

n(PaPpP) < n(Pn(PpIn(F;,,)

Hence n(PyPg) = n(PyPgPy, ) /n(Fy,,)
< n(Pn(PpIn(Py,, ) /n(Py,,)
n(PyPg) < n(Py)n(Pp)

This n is a fuzzy norm with respect to the fuzzy matrix norm inM, (F) and hence M, (F)is a fuzzy norm with
respect to the fuzzy matrix norm.

Definition 2.7:
A fuzzy matrix norm n on athe set M,,(F) isanorm, with the additional property that
n(P,Pg) < n(Py)n(Pg)foral P, PginM,(F).
Definition 2.8:
Let n, beavector normon P*(M,(F)), and ng avector normon P*(M,(F)), for P,€M,,(F).
Wedefine n(Py) = ngp(Py) = neles(np(PaP)/ne(Py) fordl, g €]0,1] .
Sub-ordinate fuzzy matrix norm with respect to different vector norm. They be general [, norm
andl,norm respectively. If a = g then the above fuzzy normiscalled a« — norm
[11. Fuzzy Matrix 1-Norm

The vector 1-Norm is given by

ny(P) = Xizqlxl
Subordinate to the vector 1-norm isthe fuzzy matrix 1-norm .

ny(Py) = m]aX(Zi la; ;1)
The fuzzy matrix 1-norm is the maximum of the column sumsin M,,(F) andletm x n
matrixP, in M, (F) be represented.
Py = [Pa,, Ps,, .. Pa]
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Which implies
PAPX = [PAl'PAZ' ""PAn]PX
PAPX ZZ?:IPAkPXk

n
ny(PyPy) = n1(z PAk_ka)
i=1

SZ?=1 |ka| n (ka)

Sm}.ax n(PAj)( Z‘Ln-:l ka)
ny (PyPy) = m}ax n(PAj)n(Px)

IV. Fuzzy Matrix 2-Norm
The vector 2-Norm is given by
1

() = By 14 2 = (< x,x >) 2
Subordinate to the vector 2-norm is given by
ny(Py) = Py * Py

The Fuzzy 2-Norm is called the spectral norm. The arbitrary m x n fuzzy matrix P, in M,,(F) and P, * Pjisn X
n and Hermitian, the eigen values of P, x P, arereal valued. Also P, * P, isat least positive fuzzy semi-definite.

Since P, * (Py * P,) * P, = P4P, * P, P, for al P,€ P*(M,(F))
Hence the eigen values of P, = P, are both real valued and non-negative.
Denote them as
0<o0f=>0f=>0%>...0t>1
Corresponding to these eigenvalues are n orthonormal and eigen vectors Uy U,, Us ... U,
(P4 * P)U = (0) Uy,
The n eigenvectors form the columns of a unitary n x n fuzzy matrix U that diagonalizes fuzzy matrix
Py x Pin P*(M,,(F)).
P, = ¥, F,, Uy wherer,, in M, (F)
Py PyP, =Py * Py, B, Uy
Py * PyP, = YL P, 0f Uy
(2 (PaP))? = (PaPy) * P4P;
=Py * (Pg * PpPy)
=(Xk=1 P * Uk) (Z?=1 ch O'jZUj)
= Sl | 02U,
< o2 (Zpoalp |’ Uk)
(2 (P4P))? = ofny(P)?
V. Fuzzy Matrix p-norm
For m x n fuzzy matrix P, in M,,(F)
np(PaPy) < ny(Py)ny, (Pfor adl P in M, (F)
np(PAPBPx) = np(PA(PBPx))
< 1y (Pa)ny, (P Py)
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np(PAPBPx) < np(PA)np(PB)np(Px)

np(PAPBPx) _
W = n, (PN, (Pg)

1y (P4Pp) < 1y, (Pa)ny, (Pg)

Theorem 5.1

For the fuzzy matrices P,, PzEM,,(F) and B,, B, € P*(M,,(F))

()
(if)
(iii)
(iv)
Proof

(i)

n,(Py) = np(PAT)

np(Py) = n,(P,r)

n,(PaP,r) = ny(P,rPy) = (n,(Py))?
|(PAP‘U! Pw)l =< np(PA)np(Pv)np(Pw)

For any P, € P*(M,,(F))
(np(PAPv))Z = |(PAPv: PAPv>|
n,(PyP,) = |(B,P,r, P4B,)| = n,,(P,)n, (P,P4P,)

np(PAPv) = (np(PATPA)np(Pv))%

Thereforen,, (P,) = n,(P,r)

(i)

We have (n,,(Py))? < n,(PyrPs) < ny(Pyr)n, (Py) = (n,(Py))?

Therefore (n,(P))? = n,(P,rPy)

(iii)

[
2

(3l
4
(9]
"
8]

(9
[10]

A

|(PAP‘U' Pw)l = np(PAPv)np(Pw)

ny(PoB) < (1, (P4rPa))amy (B) < iy (B, (By)
|<PAPW Pw)l < np (PA)np (Pv)np(Pw)
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